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Ø Role of left-hand cut phenomenologically and in finite volume
left-hand-cut issues, effective-range expansions and N/D representation, NN scatterings

Ø 𝑁/𝐷 method to finite-volume analysis of H-dibaryon including left-hand cut
 status of H-dibaryon, Lüscher’s and N/D quantization conditions, FV analysis of H-dibaryon
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Status of hadron spectroscopy
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From LiuPan An’s talk

https://www.koppenburg.ch/particles.html

q From 2011 to now,
§ 83 new hadrons discovered at the LHC
§ 32 new hadrons discovered at BESIII

q Most of their masses are associated with two-hadron thresholds
§ Dominant molecular nature
§ Mediated by light-meson exchange: 𝜋, 𝐾, η, ω, 𝜌, 𝜙

q Hard scale Λ ∼ Λ! ≈ masses of vector mesons
q Soft scale 𝒬 ∼ 𝑚"      

☞ where things get complicated    multi-hadron
What is the role of the pion? https://english.ihep.cas.cn/bes/re/pu/NewParticles/
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Closer look: 𝑇!!"(3875)
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LHCb,NP18(2022)7, NC13(2022)13351 § First double-charm tetraquark (𝑐𝑐"𝑢𝑑̅) observed in 𝐷!𝐷!𝜋" by LHCb
§ Generally regarded as 𝐼𝐽# = 01" 𝐷𝐷∗ molecule

§ BW fit: 𝛿𝑚!" = −273 ± 61keV, Γ!" = 410 ± 165keV
§ Unitarized fit: 𝛿𝑚#$%& = −360keV, Γ#$%& = 48keV
☞ Dynamics, especially 𝜋, is important for precise results

§ It INSPIREd a lot of studies pheonomenologically and on LQCD
 

Γ!∗ = 60keV
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𝐷𝐷∗()𝐷∗) scattering in EFT
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In the naïve dimensional analysis or power counting,
𝑔!𝑀""∗𝜇
4𝜋𝑓#!

≈
1
20 ∼

1
10 	 ≪ 	

𝑔$!𝑀%𝑚#
8𝜋𝑓#!

≈
1
2

LO:	𝒪(𝒬'()

NLO: 𝒪(𝒬))

wavefunction renormalization   decay
Effective	range	expansion	(ERE):

𝑇 𝐸 = −
𝜇**∗
2𝜋

1
𝑝cot𝛿 ∓ 𝑖𝑝	

𝑝cot𝛿 =
1
𝑎 +

1
2 𝑟𝑝

+ + 𝒪(𝑝,)

The 𝜋-exchange and self-energy 𝐷∗ → 𝐷𝜋 introduce
additional singularities to the above 𝑇(𝐸) or 𝑝cot𝛿
   ☞ Much smaller convergence radius of ERE

𝐷𝐷∗

𝐸-plane
𝐸 + 𝑖𝜖
𝐸 − 𝑖𝜖

𝐷∗

𝐷∗ 𝐷∗

𝐷

𝐷 𝐷
𝜋

𝜋

☞ Effective up to hundreds of MeV in 𝑝

S.Fleming et al.,PRD76.034006
Jansen et al., PRD.89.014033
Lin Dai et al., PRD.101.054024
M.P.Valderrama, PRD.85.114037

pole

Pion is perturbative:

   ☞ 0.98 𝑚.
/01 +

≲ 𝑚.
+ ≲ 2 𝑚.

/01 +

			☞ 𝐷𝐷 − 𝐷𝐷∗ − 𝐷∗𝐷∗	coupling

RHC 

LHC RHC
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Unitarization of 𝐷$𝐷∗" − 𝐷"𝐷∗$	scattering
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𝑇'( 𝑝, 𝑘; 𝐸 = 𝑉'( 𝑝, 𝑘; 𝐸 +=
)

>
𝑑*𝑞
2𝜋 *

𝑉') 𝑝, 𝑞; 𝐸 𝑇)((𝑞, 𝑘; 𝐸)

𝐸 − 𝑚+ −𝑚! −
𝑞!
2𝜇)

+ 𝑖
Γ)(𝑞; 𝐸)

2
𝑉 = 𝑉,,.,/,0 + 𝑉#

→E

↑E

D0D+ω0D0D0ω+ D+D+ω→

T+
cc

D0D↑+ D+D↑0

Physical Sheet

Unphysical Sheet

Data

mD0 + mD↑+ ↓ i
!
D↑+
2

Even perturbatively, the treatment on 𝜋 is important for
  ☞ Near-threshold dynamics
  ☞ Pole position

Especially relevant on Lattice study 
when 𝑚U is slightly larger!

M.L.Du et al., PRD.105.014024
L.Qiu et al., PRD.109.076016
X.Zhang, PRD.109.094010
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Lattice study on 𝑇!!" and LHC problem
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Y. Ikeda et al. (HAL QCD), 1311.6214;
P.Junnarkar et al., PRD99,034507
M. Padmanath and S. Prelovsek, 2202.10110;  
S. Chen et al., 2206.06185;
Y. Lyu et al. (HAL QCD), 2302.04505;
T.Whyte et al.(HadSpec),PRD111,034511

(b) For physical isospin-average masses,  
𝑝123#
𝐸""∗

!
= −0.0004,

𝑝423
567

𝐸""∗

!

> 0

(a) For 𝑚. = 280MeV, 𝑀* = 1927MeV, 𝑀*∗ = 2049MeV,
𝑝123#
𝐸""∗

!
= 0.02, 	

𝑝423
+#

𝐸""∗

!

= −0.001 The lhc of OPE limits the application of ERE,
 which is also used in Lüscher’s method to LQCD data

M.-L. Du et al., PRL 131 (2023) 131903

M. Padmanath and S. Prelovsek, 2202.10110
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Methods to the LHC problem
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A. Baião Raposo and M. T. Hansen, 2303.18793

Ø Possible solutions:
• EFT + LSE + plane wave basis
• Modified Lüscher + modified integrals/EREs

• Three-body quantization

• 𝑁	/𝐷 representation 

L. Meng et al., JHEP10(2021)051, PRD.109.L071506

A.Baião Raposo et al., JHEP08(2024)075; JHEP 06 (2025) 186
R.Bubna et al., JHEP05(2024)168; JHEP10(2025)197

M.T.Hansen et al., JHEP06(2024)051; JHEP01(2025)060

S.M.Dawid, PLB.2025.139442
Our first application to H-dibaryon☞

t 𝑠 =
𝑁 𝑠
𝐷 𝑠

𝑁(𝑠): left-hand cuts
𝐷(𝑠): right-hand cuts
Poles: zeros of 𝐷(𝑠)
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𝑁/𝐷 → ERE with a LHC 
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Ø ERE:
𝑡 𝑠 =

1
[𝐾 𝑠 ]8+ − 𝑖𝜌(𝑠)

=
1

𝜌 𝑠 	cot𝛿 𝑠 − 𝑖𝜌(𝑠)
Ø ERE with a Chew-Mandelstam term

𝑡 𝑠 =
1

𝜌 𝑠 	cot𝛿 𝑠 + 𝐼(𝑠)

Ø 𝑁/𝐷 or ERE with lhc:
𝑁 𝑠 = 𝑁9 𝑠 +

𝑠9

𝜋
6
8:

;$ 𝐷 𝑠< Im𝑇=(𝑠′)
𝑠<9(𝑠< − 𝑠 − 𝑖𝜖) 𝑑𝑠′

𝐷 𝑠 = 𝐷> 𝑠 −
𝑠 − 𝑠? >

𝜋 6
;%&

: 𝜌 𝑠< 𝑁(𝑠′)
𝑠< − 𝑠? >(𝑠< − 𝑠 − 𝑖𝜖) 𝑑𝑠′

Im	𝑇F 𝑠

OPE: 𝐿@ 𝑠 = − +
;8;%&

log ;8;$
9'
(

𝑁 𝑠 = 𝑛' + 𝑛(𝑠 + ⋯+ 𝑛)𝑠) + 𝑔'*𝐿+ 𝑠
𝐷 𝑠 = 1 + 𝑑(𝑠 + ⋯+ 𝑑,𝑠,
	 +once − subtraction	integral

☞  𝑁/𝐷	 →   ERE CM : 𝑁 𝑠 = 𝑛W

Chiral dynamics

How effective? 

• No Im	T%(s)
• FV corrections



 

Lin Qiu (ODU)

Benchmark of 𝑁/𝐷: 𝑁𝑁 case
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For different circumstances, the 𝑁/𝐷 formula can capture the amplitudes,
Ø Extremely well for virtual states
Ø Amplitude zeros or poles in 𝑝cot𝛿 (CDD poles)

☞ below (Halo Nuclei, Efimov) or above threshold (compact states)

M.-L. Du et al., PRL 131 (2023) 131903

𝑝cot𝛿 = −𝐴 + 𝐵𝑝! −
𝐶

1 + 𝐷𝑝!

W.T.H. van Oers, J.D. Seagrave, PLB 24 (1967) 562
M. T. Yamashita, T. Frederico, L. Tomio, PLB 670 (2008) 49
X.Zhang et al., PRC.108.044304
M.L.Du et al., PRL135 (2025) 1, 011903

1
𝑓9,> (𝑝!)

=
∑AB?> O𝑑A 𝑝!A − P𝑔𝑑C(𝑝!)

1 + ∑DB+9 P𝑛D𝑝!D + P𝑔(𝐿 𝑝! − 𝐿?)
− 𝑖𝑝

✗   − (
2
+ (

+
𝑟𝑝+ + 𝑣𝑝, +⋯

✓ 3"' 453#(/$)
(8 45(9 /$ '9")

1 + \𝑔(𝐿 𝑝+ + (
:%
$)=0

Short-range   +   long-range forces
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Benchmark of 𝑁/𝐷: 𝑁𝑁 case
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For bound states, the 𝑁/𝐷 formula 
Ø works well for shallow bound state with tiny OPE coupling
Ø for deeply bound or large OPE coupling

☞ Discrepancy of imaginary parts of amplitudes 
☞ higher-order corrections in 𝑁 or OPE coupling 7𝑔 → 𝑔! + 𝑔&𝑝' +⋯

M.L.Du et al., PRL135 (2025) 1, 011903
W.J.Wang et al., arXiv:2601.04989

1
𝑓9,> (𝑝!)

=
∑AB?> O𝑑A 𝑝!A − P𝑔𝑑C(𝑝!)

1 + ∑DB+9 P𝑛D𝑝!D + P𝑔(𝐿 𝑝! − 𝐿?)
− 𝑖𝑝

Deuteron H-dibaryon

𝑢𝑢𝑑 𝑢𝑑𝑑 , 𝐼 = 0, 𝐽 = 1, 𝑆 = 0 𝑢𝑢𝑑𝑑𝑠𝑠, 𝐼 = 0, 𝐽 = 0, 𝑆 = −2

At physical masses 𝑔.;;+ /4𝜋 = 13.5 Zero 𝑔.<< in SU(3) breaking limit

Binding Strongly 𝑚.-dependent Weakly 𝑚.-dependent

On Lattice
~𝑒':%9

Must study near 𝑚. = 140MeV
𝐿 > 6fm

Signal/noise: ≈ 𝑒'+(:&'=/+:%	)?

Accessible at heavier 𝑚.
Works at SU 3 @ 	:𝑚. = 𝑚A = 𝑚B

LHC arises from 𝐾, 𝜂

ERE works a bit…
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LQCD history of deuteron
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Following André Walk-Loud’s talk

Ø LQCD results with (deeply) bound di-nucleons

Ø LQCD results without bound di-nucleons (or inconclusive)

A lot of problems
• hexaquark operator artifact
• Signal-to-noise collapse
• Unphysical large pion masses
• Small volumes
• No continuum extrapolation
• No FV analysis with LHC
• ⋯

Get started with 𝐻-dibaryon!

“The simplest nucleus is the hardest for LQCD” 
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Introduction to H-dibaryon
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§ H-dibaryon, a hypothetical six-quark (𝑢𝑢𝑑𝑑𝑠𝑠) bound state
     ☞  Flavor-singlet, 𝐽C = 08, 𝐼 = 0, 𝑆 = −2
     ☞ 𝑀D ≈ 2150MeV,  𝐸E ≈ 80MeV           Predicted by Jaffe within MIT bag model
§ The ΛΛ,𝑁Ξ, ΣΣ	(I = 0) channels form the singlet via:

§ H-dibaryon helps to 
• study the hyperon-hyperon (nucleon) interactions        ☞      double-Λ hypernuclear chart
• study strange matter, neutron star EOS, dark matter candidate

Inoue et al. (HAL QCD) 2010, 10.1143/PTP.124.591]

H.Ekawa et al., arXiv:1811.07726
https://hypernuclei.kph.uni-mainz.de/

Bombaci 2017, JPS Conf. Proc. 17, 101002
Leong, Thomas & Guichon 2025, arXiv:2503.21171v1
Farrar 2017, arXiv:1708.08951v2
Kolb & Turner 2019, PRD 99.063519
Azizi, JPhysG 47, 095001 (2020)

Jaffe 1977, PRL 38.195



 

Lin Qiu (ODU)

Experimental search of H-dibaryon
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✓<<
FHe →∧

H He + 𝑝 + 𝜋'
✗ <<

FHe →, He + 𝐻	

No evidence for deeply-bound H

ΛΛ threshold enhancement

Ø Deeply-bound: 
      MIT bag model, chiral model
Ø Weakly-bound: 

      𝐻 → Λ𝑝𝜋', Σ'𝑝	; 

						ΛΛ femtoscopic correlation

Ø Virtual state/resonance: 
	 ΛΛ or Σ'𝑝 threshold effect

H.Takahashi et al., PRL87.212502

direct

interactions ~3.2MeV
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LQCD study on H-dibaryon
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Studies: heavier-than-physical pion masses, mostly at the SU 3 T-symmetric point.

BaSc, arXiv: 2603.00698

o No agreement on E! for the same mI
o Discretization errors/spacing dependence

BaSc, mE ≈ 280	MeV, preliminary study of the H dibaryon in NF = 2 + 1 lattice QCD
         ☞ ΛΛ, NΞ, ΣΣ correlations

We are here today!

https://arxiv.org/abs/2603.00698


 

Lin Qiu (ODU)

H-dibaryon at SU(3)-flavor-symmetric point
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Green et al., PRL127.242003

• Ensembles with 𝒪(a) improved Wilson-clover Fermions from CLS
• SU 3 (-symmetric point with physical 𝑚) +𝑚* +𝑚+         ☞	 𝑚, = 𝑚- = 𝑚. ≈ 420MeV
• 8 ensembles (L, a) + 5 frames ☞	 significant discretization effects

• t-channel left-hand cut: 𝑝' = −/G
H

0

𝑝+:         C.M. momentum by EJK = 2 𝑝+ +𝑚+

Points:   lattice energy levels
--------:   noninteracting levels
           :   interacting levels in the continuum

𝑚1 ≈ 1.18GeV
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Quantization condition and continuum limit

N/D method to FV analysis of H-dibaryon 05/13/2026                 19
                

Green et al., PRL127.242003
From J.R.Green’s talk

pcotδ 𝑝 = ∑23!45& 𝑐2𝑝'2,       𝑐2 = 𝑐2! + 𝑐2&𝑎'

• Near-threshold fitting ( 𝑝+ ≤ :%
$

,
):  N = 2 (ERE)

 ☞ B6
78 9 I = 4.56 ± 1.13 ± 0.63MeV

• Full-range fitting (𝑝+ ≥ −:%
$

,
): N = 3
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Lüscher’s quantization condition
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Ø Sum-integral difference:

ØCorrelation function

ØQuantization condition

• off-shell part ~	𝑒5/G	:

• on-shell part survives
•  ℒ,ℛ smooth function   ☞    FV correction ~𝐿5;

two-body cuts → a series of poles     ☞     Energy levels

Lüscher, NPB354(1991);  C.h.Kim et al., NPB727(2005)
Briceno et al., RevModPhys.90.025001; PRD94013008

𝒌

𝑷 − 𝒌

ℳ ℳ ℳ
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N/D quantization condition
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S.M.Dawid et al., PLB864(2025)139442

ℒ 𝑘, 𝑃 =
2𝐸(𝑘)

2𝜔U 𝑘 2𝜔V(𝑃 − 𝑘)

§ [F only picks the pole and residue

§ 𝒩 = 𝒩: + 𝒪(𝑒5/G:)

ØQuantization condition: 𝐷yz = 0

1
𝐸 − 𝜔( 𝑘 − 𝜔+(𝑃 − 𝑘)

= 	
2𝐸

𝐸+ − 𝜔( 𝑘 + 𝜔+ 𝑃 − 𝑘
+ + 	 smooth	function

+𝑝L 𝑠 + CDD	poles

D<(=
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Comparison between QCs
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The two quantization conditions are equivalent above lhc.  

2.2 2.4 2.6 2.8 3.0 3.2p
s (GeV)

°2

°1

0

1

2

Q
C

Lüscher

DFV

Threshold

lhc

2.2 2.4 2.6 2.8 3.0 3.2p
s (GeV)

°2

°1

0

1

2

Q
C

Lüscher

DFV

Threshold

lhc

𝑁 𝑠 = 1

𝑁 𝑠 = 1 + 0.3�𝐿�(𝑠)

𝑁(𝑠)
𝐷(𝑠) 	 𝑣. 𝑠. 	

1
[𝐾(𝑠)]'(−𝑖𝜌(𝑠)
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Fitting strategies
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Ø Lüscher’s QC:   𝐾'( 𝐸 + 𝐹 𝐸, 𝑃, 𝐿 = 0
 
 

Ø N/D QC:

ERE:  t s = !
; 𝑐? + 𝑐+ 𝑝 𝑠 + 𝑐! 𝑝 𝑠 ! − 𝑖𝜌 𝑠

8+

ERE CM:   𝑡 𝑠 = !
;
𝑐? + 𝑐+ 𝑝 𝑠 + 𝑐! 𝑝 𝑠 ! + 𝐼 𝑠

8+

𝑁 𝑠 = 𝑛) + 𝑔)+𝐿M 𝑠

𝐷@N 𝑠, 𝑃 = 1 + 𝑑)𝑠 + 𝑑(𝑠+ −
16𝜋
𝐿= �

O

𝐿 𝑘, 𝑃
𝑠

𝐸∗ 𝑘 +
𝑁(𝑘∗, 𝑃)
𝐸∗ 𝑘 + − 𝑠

×5
Ø Fitting range: lowest energy level → three-body threshold (covering lhc)

Ø spacing effect?
w/o spacing dependence: parameter 𝜉P

w/ spacing dependence: parameter 𝜉P = 𝜉P) + 𝜉P2𝑎+

Ø 61 data points:    𝜒+ = ∑P,R 𝑝P+ − 𝑝ST,P+ ΣPR'((𝑝R+ − 𝑝ST,R+ ) ΣUVWV,PR: from 10= boostrapping samples

ΣUXUV,PR = 𝛿𝑝+ P 𝛿𝑝+ R
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Predicted spectrum w/o 𝑎-dependence
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orange dashed: ERE
green dotted: ERE CM
red solid: N/D

⋕ (𝑐), 𝑐(, 𝑐+)

⋕ (𝑛), 𝑔), 𝑑(, 𝑑+)

• better 𝜒'/ndof in N/D

      ☞   only differ in the lowest levels

      ☞   mild left-hand-cut effect

• significant 𝐿 dependence

• largely bound   ☞   spacing effect

1.62 < 1.65

2.0 2.5 3.0
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2 )
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Predicted spectrum w/ 𝑎-dependence
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orange dashed: ERE
green dotted: ERE CM
red solid: N/D

• Slightly better 𝜒*/ndof in N/D fitting

• Spectrum in the continuum (𝑎 = 0)   ☞
• comparable parameters at 𝒪(𝑎')

      ☞   comparable observables

      ☞   shallow bound state

⋕ (𝑐)), 𝑐)2 , 𝑐(), 𝑐(2 , 𝑐+), 𝑐+2)

⋕ (𝑛)), 𝑛)2 , 𝑔)), 𝑔)2 , 𝑑(), 𝑑(2 , 𝑑+), 𝑑+2)

0.7615 < 0.7622

2.0 2.5 3.0

L (fm)
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Cross-check on continuum extrapolation
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From J.R.Green’s talk

⋕ (𝑐), 𝑐(, 𝑐+)
orange dashed: ERE
green dotted: ERE CM
red solid: N/D ⋕ (𝑛), 𝑔), 𝑑(, 𝑑+)

We will see the robustness of N/D method in observables later!

Thanks to R.J.Perry for numerical support!

☞
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no crossing between (non)interacting levels
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N function and absence of CDD poles
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𝑡 𝑠 =
𝑁(𝑠)
𝐷(𝑠) 	 → 	

�𝑁	
1

𝑠 − 𝑠Y
+⋯

manifests around lhc
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IFV amplitudes
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results in the continuum from 𝑎-dependent fitting

𝑠 > 𝑠VZ[:  
• overlapping energy levels    ☞    phase shifts
• drastic drop near threshold

𝑠 < 𝑠VZ[:
• nonzero imaginary part in N/D
• pole pushed upwards in N/D
• larger uncertainty in N/D 
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Observables w/o 𝑎-dependence 
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Near	pole:

𝑡) 𝑠 ≈ −
1
16𝜋

𝑔 +

𝑠 − 𝑠/

Near	threshold:

𝑡) 𝑠 =
√𝑠
2

1
1
𝑎)
+ 𝑟)2 𝑝

+ − 𝑖𝑝

smaller |𝑎)| and larger 𝑟)         ☞        more bound
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Observables w/ 𝑎-dependence 
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Near	pole:

𝑡) 𝑠 ≈ −
1
16𝜋

𝑔 +

𝑠 − 𝑠/

Near	threshold:

𝑡) 𝑠 =
√𝑠
2

1
1
𝑎)
+ 𝑟)2 𝑝

+ − 𝑖𝑝

Fitting-range:
      Ours: [lowest data points, 2𝑚K +𝑚#]
      Green et al.: [lhc,  2𝑚K +𝑚#]

In	the	continuum,
𝑎) = (−3.737 ± 0.787 ± 0.001)fm,     𝑟) = (0.969 ± 0.041 ± 0.001)fm
∆𝐸 = 3.26 ± 1.60 ± 0.04 MeV,    𝑔 = (6.44 ± 1.05 ± 0.04)GeV

�𝑋\ = 0.8115 ± 0.0243 ± 0.0001

𝐵L
MN * ) = 	4.56 ± 1.13 ± 0.63MeV

Green et al., PRL127.242003

systematic uncertainty: 1𝜎 𝑚K

Compositeness:

�𝑋\ = 1 − 𝑍̅\ =
1

1 + |2𝑟)/𝑎)|

0.78 for ERE

0.778 for deuteron
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Observables: extrapolation crosscheck
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Amplitude extrapolation ☞

Data extrapolation     ☞

Our results in N/D are very stable/robust in two different ways of continuum extrapolation 
while that in ERE change a bit.
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Summary
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Thank you!

§ The left-hand cut is a general challenge for two- and three-hadron scatterings both 
phenomenologically and on LQCD

§  We implemented the first N/D method to FV analysis of H-dibaryon at SU 3 y-symmetric 
point

• incorporating left-hand-cut effect
• obtaining reliable results in the continuum

        ☞   shallow bound H-dibaryon, dominant molecular component

§ In the future: SU 3 � breaking?  Coupled-channel study?  Three-body scattering?
NN (Deuteron), 𝐷𝐷∗ etcΛΛ − ΣΣ − ΝΞ
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Inverse of K matrix
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Demo of ERE with lhc: virtual state
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Glimpse of fitted parameters
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ERE w/ a

ERE w/o a

N/D w/ a

N/D w/o a
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Amplitude zeros and CDD poles
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bound,virtual,resonance,coupled-channel…
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F.K.Guo et al., RevModPhys.90.015004
Inka Matuschek et al., EPJA57 (2021) 3, 101
P.Y.Niu et al., Phys.Rev.D 110 (2024) 9, 094020
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Power counting in heavy hadronic molecules
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Non-perturbative treatment on OPE
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EFT’s perspective & Resonance saturation
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Analytical continuation
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